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hweig, Germany
(Dated: 15th November 2018)
We analyse several thermodynami properties of the two-dimensional Kondo neklae using nite-
temperature stohasti series expansion. In agreement with previous zero-temperature ndings the
model is shown to exhibit a quantum ritial point (QCP), separating an antiferromagneti from a
paramagneti dimerized state at a ritial Kondo exhange-oupling strength Jc ≈ 1.4. We evaluate
the temperature dependent uniform and staggered struture fators as well as the uniform and
staggered suseptibilities and the loal 'impurity' suseptibility lose to the QCP as well as in the
ordered and quantum disordered phase. The rossover between the lassial, renormalized lassial,
and quantum ritial regime is analyzed as a funtion of temperature and Kondo oupling.
PACS numbers: 75.10.Jm, 05.70.Jk, 75.40.Cx, 75.40.Mg
There is growing evidene that unonventional nite
temperature properties of many novel materials stem
from zero-temperature phase transitions, i.e. hanges of
the ground state symmetry as a funtion of some ontrol
parameter. Prominent potential andidates to show suh
quantum phase transitions are the uprate superondu-
tors [1, 2℄, quantum magnets [3, 4℄, and heavy-fermion
or dense Kondo systems [5, 6℄. In the latter, quantum
ritial points (QCPs) an arise from the ompetition be-
tween magneti long-rage ordered (LRO) and renormal-
ized paramagneti metalli or semimetalli phases result-
ing from loal Kondo-sreening. This has been onje-
tured early on by Doniah [7℄. Semimetalli behavior in
nonmagneti states of Kondo lattie materials is typial
for stoihiometri Kondo insulators like CeNi1−xPtxSn
whih undergoes a para-to-antiferromagneti transition
at x ≈ 0.2...0.3 [8, 9℄. A model for suh materials is
Kondo-Hubbard lattie model (KHLM)
HKH = −t
∑
lm,σ
c†lσcmσ+U
∑
l
nl↑nl↓+J
∑
l,αβ
SPl ·SIl (1)
with ondution eletrons c
(†)
lσ of spin SPl, whih are or-
related via and on-site Coulomb repulsion U , and oupled
by antiferromagneti (AFM) Kondo-exhange to loal-
ized spins SIl at sites l. At half lling on bipartite lat-
ties in D≥ 2 dimensions and in the strong-oupling limit
U/t≫ 1 the HKLM shows AFM LRO if the ondution-
eletron superexhange j ∼ t2/U dominates the Kondo
sale TK ∼ t exp (−1/ρJ) where ρ refers to the DOS
[10℄. Kondo sreening will prevail if TK/j ≫ 1. On 2D
square latties the ritial oupling jc (U/t) has been de-
termined at temperature T = 0 using projetor QMC
[11℄ and bond-operator methods [12℄. In the strong ou-
pling limit and at half lling Eqn. (1) simplies to the
SU (2)-symmetri so-alled Kondo-neklae (SKN)
HSKN = j
∑
lm
SPl · SPm + J
∑
l
SPl · SIl (2)
with j ≡ 1 hereafter. In this work we will fous on the 2D
square lattie, where at T = 0 the SKN has been inves-
tigated by bond-operator methods, series expansion and
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Figure 1: Solid: staggered struture fator Sn (Q) vs. J lose
to the QCP at low-temperatures and for two system sizes: a)
T = 0.05, L = 24, b) T = 0.01, L = 24, and ) T = 0.05,
L = 34. Dashed: ts of SP (Q) to c [Jc − J ]
ν
for J & 1 with
Jc indiated per panel. The ts depart visibly from SP (Q)
only lose to J ≈ 1.4. Dashed-dotted: ratio of total staggered
struture fator to suseptibility times T . If not indiated,
statistial errors are less than the solid-irle marker size.
exat diagonalization [13, 14, 15℄. These studies loated
a QCP at Jc ∼ 1.370 . . .1.408 separating AFM LRO from
a gapped spin-dimer phase. The latter an be viewed as
the strong-oupling analog of the Kondo-sreened para-
magneti state of the KHLM.
While the ground state properties of the 2D SKN have
been studied rather extensively, thermodynami and -
nite temperature ritial properties of the SKN remain an
open issue. Therefore the aim of this work is to shed light
on the 2D SKN at nite temperatures using a quantum
Monte-Carlo (QMC) approah. To this end we employ
the stohasti series expansion (SSE) with loop-updates
introdued by Sandvik and Syljuasen in Refs. [16, 17℄ to
whih we refer the reader for details on this approah.
We start by disussing the longitudinal staggered
struture fator
Sn (Q) =
〈(
mznQ
)2〉
, (3)
where mznQ =
∑
l S
z
nl exp (iQ · rl) /Nn is the staggered
magnetization with Q = (pi, pi, pi). mznQ selets between
n = P, I, A, for whih rl runs over the 'ondution ele-
tron plane' for n = P , the 'Kondo sites' sites for n = I,
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Figure 2: Uniform suseptibility χu vs. temperature for
0.05 ≤ T ≤ 10 and 0.5 ≤ J ≤ 2.0 at L =24 (solid) and
for 1.39 ≤ J ≤ 1.42 at L = 50 (100) (dashed(dashed-dotted)).
Statistial errors are less than the solid-irle marker size.
The dierene between L =50 and 100 at J = 1.40 remains
below the statistial error for all T depited. Legends label
plots from top to bottom
and all sites for n = A. Fig. 1 shows the squared stag-
gered momentM2Q = 3Sn (Q) vs. J at low temperatures.
The system sizes NA are L × L × 2 ≡ N with periodi
boundary onditions (PBC) in the planar diretions and
L = 24 and 34. In all three panels M2Q is nite below a
ritial value of J = Jc and drops to approximately zero
for J > Jc. We identify Jc with the QCP and expet
AFM LRO for J < Jc in the thermodynami limit at
T = 0. For J > Jc we nd no other transitions, i.e. the
systems onnets adiabatially to the limit of J = ∞.
Therefore it is dimerized. At xed N , M2Q will saturate
for T → 0 due to nite size gaps. For L = 24 this is the
ase in Fig. 1 b) for J & 1. Fig. 1 allows no onlu-
sion about the magnitude of the T = 0 order parameter,
whih requires nite size saling analysis [18℄. The rit-
ial oupling however an be extrated eiently from
these results sine Jc is almost invariant to inreasing N
or lowering T relative to the parameters in Fig. 1. To
determine Jc we t M
2
Q to a power lawM
2
Q ≈ c [Jc − J ]
ν
in its region of negative urvature and for J & 1. This
proedure depends only little on the interval of J tted
to. The resulting satter of Jc is taken to be a mea-
sure of the error and is displayed in Fig. 1 a)-). We
nd that Jc ≈ 1.41(2). This agrees with Jc ≈ 1.41(1.39)
from T = 0 series-expansion [13℄([14℄) and is also lose to
Jc ≈ 1.37 from bond-operator Brükner theory [14, 19℄.
A ritial value of Jc ≈ 1.4
(
4t2/U
)
is also onsistent with
projetor-QMC at T = 0 for the KHLM [11℄.
For small J , Sn (Q) remains strongly temperature de-
pendent down to T ≪ 1 whih is due to the near de-
oupling of the I-sites from the planar sites leading to a
Curie-like ontribution whih is uto only at very low T .
This is visible already at J . 0.6, by omparing SI (Q)
in panels a) and b) of Fig. 1.
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Figure 3: Low-temperature uniform suseptibility χu (T )
lose to the QCP for J = 1.39, 1.40, and 1.42 (from top to
bottom). Dotted urves: ts of χu (T ) to a+ bT + cT
2
. Sys-
tem sizes L =24 (solid), 50 (dashed), 100 (dashed-dotted) are
indiated for T .0.1. Statistial errors are less than the solid
irle marker size. For T ≥ 0.11 nite size eets are below
statistial error and results for J = 1.40(1.39, 1.42) refer to
L = 100(24) only. The dierene between L =50 and 100 at
J = 1.40 remains below the statistial error for all T depited.
In addition to Sn (Q) Fig. 1 inludes results for the
longitudinal staggered suseptibility
χn (Q) =
∫ β
0
dτ
〈
mznQ (τ)m
z
nQ
〉
(4)
for n = A whih have been enapsulated in the ratio
R =
SA (Q)
TχA (Q)
. (5)
This ratio relates the analysis of χA (Q) to that of the
AFM non-linear σ-model (NLσM) [20, 21, 22℄. From
there it is expeted that in the lassial high-T , as well as
in the low-T renormalized lassial regime R = 1, while
R 6= 1 in the quantum ritial regime. While this is
onsistent with R (J) in Fig. 1, we will larify later that
the deviations of R from unity for J ≈ Jc are strongly
aeted by nite size eets.
Next we disuss the uniform suseptibility
χu = β
〈
m2
〉
, (6)
where m =
∑
l S
z
Al/NA is the total magnetization. In
ontrast to Eqn. (4), the uniform suseptibility redues
to a simple expetation value, sine [HSKN ,m] = 0. Fig.
2 is a log-log plot of the dependene of χu on temperature
over more than two deades 0.05 ≤ T ≤ 10 and for 0.5 ≤
J ≤ 2 with system sizes L = 24, 50 and 100. For T ≥ 0.1
nite-size eets are negligible if L ≥ 24. For 0.05 ≤ T ≤
0.1 nite-size eets, albeit small, have been onsidered
for J in the viinity of the QCP. As an be seen from
the near identity of results with L = 50 and 100 at J =
1.40 in Fig. 2, it is suient to hoose L & 50 to reah
the thermodynami limit for all temperatures studied.
For T & 2 the uniform suseptibility turns Curie-like,
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Figure 4: Uniform suseptibility χu vs. J on approahing
the QCP for two temperatures T = 0.05 (0.01) (solid(dashed)
line) at xed L = 24, and omparing two system sizes L =
24 (34) (solid(dashed-dotted) line) at xed T = 0.05. Finite
size eets are exeedingly small and are shown in the inset for
better visibility. Statistial errors are less than the solid-irle
marker size.
independent of J . For J > Jc the spin-spetrum develops
a gap ∆ whih implies a low-temperature behavior χu ∝
exp (−β∆). This is onsistent with Fig. 2, where to
within statistial error χu (T = 0.05, J = 2) = 0. For 0 <
J < Jc AFM LRO ours at T = 0, whih agrees with
the saturation of χu (T → 0) = χ
0
u shown in the gure.
We note, that as J vanishes χ0u will diverge due to the
Curie ontribution form the impurity spins.
At the QCP we expet saling of the uniform susep-
tibility. Indeed, for J ≈ Jc, and at low temperatures
χu follows nearly straight lines in Fig. 2. A lose-
up of this low-T region, shown in Fig. 3, evidenes a
weak urvature of χu(T ) independent of the system size.
These results allow exellent ts to a sale-free behav-
ior of the form χu ≈ a + bT
c
with c ≈ 1.25. However,
this exponent diers from that obtained in the NLσM,
i.e. c = 1 [20, 21℄. Assuming the SKN to be of the
same universality lass than the NLσM we are fored to
treat the urvature in Fig. 3 as deviations from saling
present already at rather low temperature. As is shown
in Fig. 3, a reasonable desription of the QMC results
an be obtained inluding a seond order nonuniversal
ontribution. This behavior should be ontrasted against
the AFM bilayer Heisenberg model, where ritial linear
T -saling has been found in a omparable temperature
range [23℄. At the QCP χu vanishes for T → 0 due to
the opening of the spin gap and for J > Jc exponential
behavior should replae the saling. Vanishing of the o-
set a at Jc = 1.40(1) in Fig. 3 is onsistent with as from
the stati struture fator.
For the sake of onsisteny it is interesting to onsider
the uniform suseptibility χu also as a funtion of J in
the low-temperature limit T ≪ J . On approahing the
QCP from the LRO side one expets χu to vanish due to
the inipient spin gap. The orresponding QMC results
are shown in 4. Extrating Jc from this gure is less
straightforward, both, due to the sizeable temperature
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Figure 5: Impurity suseptibility χloc vs. temperature. Solid
line with solid irle markers: L = 24 for 0.05 ≤ T ≤ 10
and 0.5 ≤ J ≤ 2.0. Dashed line with solid irle markers:
L = 50 for 0.05 ≤ T ≤ 0.1 and 1.39 ≤ J ≤ 1.42. Inset: low-T
region inluding additional results for L = 40 at J = 1.40
(Dashed-dotted). Legends refer to lines from top to bottom.
Statistial errors are less than the solid-irle marker size in
the main panel and are indiated by bars in the inset. In the
quantum ritial regime χloc displays a ross-over region with
power-law behavior χloc ≈ cT−α with α ≈ 0.20(5).
variation and to the lak of a saling presription for χu
as J → Jc. Nevertheless, as an be seen in the inset,
a value of J ≈ 1.4 for the QCP is onsistent with the
suppression of χu.
Now we turn to the individual impurity-spins longitu-
dinal suseptibility
χloc =
∫ β
0
dτ 〈TτS
z
lI (τ)S
z
lI〉 (7)
where l refers to a partiular site, say l = 0 within the
'Kondo spin' layer I. Fig. 5 shows a log-log plot of χloc
vs. T for 0.05 ≤ T ≤ 10 and 0.5 ≤ J ≤ 2. At J = 0 χloc
obeys Curie's law. For J 6= 0 but J < Jc, we expet χ
loc
to saturate at some ross-over temperature T ⋆ . J due
to the oupling of the impurity spin to the planar mo-
ments within the AFM LRO state. In agreement with
this, Fig. 5 signals a departure from χloc ∝ T−1 for
T ≈ 0.2 at J = 0.5, i.e. in the AFM LRO state. Sim-
ilarly, for J > Jc we expet a Pauli-like saturation of
χloc for T ≤ T ⋆ with T ⋆ . J due to the loal dimer for-
mation between the impurity spins and the planar sites.
This an also be seen in Fig. 5 for J = 2. The in-
teresting point of Fig. 5 however, is that it suggests a
ross-over from the high-temperature Curie behavior to
a region of power-law behavior χloc ∝ T−α with an ex-
ponent α dierent from unity in the viinity of the QCP.
Future QMC analysis should fous on additional data in
the thermodynami limit at T < 0.05 to elaborate on
this observation. From Fig. 5 we extrat α ≈ 0.20(5)
at J = 1.40. The error on this exponent is rather large,
due to the error in determining the QCP and due to the
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Figure 6: Solid(dashed)[dashed-dotted℄: ratio R of the total
staggered struture fator and suseptibility vs. temperature
for 0.5 ≤ J ≤ 2.0 and L = 24(50)[100℄. In the lassial
(renormalized lassial) regime, i.e. T →∞ (T → 0, J < Jc),
R is expeted to be 1. In the gapped state R1/T as T → 0. In
the quantum ritial regime, roughly skethed by the shaded
region, R diers from unity, however approahing a onstant
as T → 0. Size of statistial errors is given by vertial bars.
temperature range of only one deade to t to. Regard-
ing nite-site eets, the situation for χloc is similar to
that for χu. As shown in the inset of Fig. 5, in the viin-
ity of the QCP the thermodynami limit is reahed for
L & 24(50) if T & 0.1(0.05). Similar eets are expeted
at the lowest temperature T = 0.05 for J = 0.5 and 2.0
and have not been onsidered.
Finally we analyze the temperature dependene of the
ratio of the total staggered struture fator to the to-
tal staggered suseptibility of Eqn. (5). This is shown
in Fig. 6 for 0.05 ≤ T ≤ 10 and 0.5 ≤ J ≤ 2. Non-
linear error propagation of the QMC data through Eqn.
(5) leads to substantially larger statistial errors on R as
ompared to the remaining quantities evaluated in this
work. Several properties of R an be realized based on
general grounds. First, for T ≫ max {J, 1}, i.e. in the
lassial regime, χA (q) = SA (q) /T for any wave vetor
q and therefore R→ 1. This behavior of R is obeyed for
all values of J displayed in Fig. 6. Next, we note that
the zero-temperature limit of the ratio SA (Q) /χA (Q)
will be a T -independent onstant whenever the system
has no LRO at the wave vetor Q and is gapped. This is
true for any nite system, where SA (Q) and χA (Q) will
both saturate at nite values as T → 0. It is also true in
the thermodynami limit where SA (Q) and χA (Q) will
both be exponentially ativated to leading order. There-
fore R ∝ 1/T in the thermodynami limit in the quantum
disordered regime, i.e. for J > Jc, whih is onsistent
with the inrease of R in Fig. 6 for J = 2. In addi-
tion to this, R ∝ 1/T for any other value of J below a
harateristi temperature set by nite size gaps. This is
partiularly obvious for J ≈ Jc where strong nite size
eets our for T < 0.1. This eet also sets the mag-
nitude of R for J ≈ Jc in Fig. 1. Finally, in the AFM
LRO phase the systems allows for a lassial desription
in terms of the order parameter modes leading to a renor-
malized lassial regime for whih R (T → 0) = 1 again
[20, 21℄. This is onsistent with the behavior for J = 0.5
in Fig. 6 and with R in Fig. 1. From a omparison of R
at xed T and idential J in panel a) and ) of the latter
gure one an also dedue that the small dierene be-
tween R and unity in the renormalized lassial regime
dereases upon inrease of L. Lowering the temperature
from the lassial to the renormalized lassial regime,
one rosses the quantum ritial regime in whih R > 1
due to quantum utuations [21, 22℄. For J < Jc this
regime has a nite extend in temperature only. Close
to the QCP however, i.e. for J = 1.4 and 1.39, Fig. 6
strongly suggests that R approahes a temperature in-
dependent onstant R ≈ 1.10(1) as T → 0. Analysis of
the NLσM has resulted in R = 1.09 [21, 22℄. In turn
the quantum ritial regime starts at T ∼ 1 and extends
down to T = 0 at the QCP. Unfortunately, in this regime,
R is is very sensitive to the system size. This will be the
issue of future QMC studies[18℄.
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